Given a graph G = (V, E), a function f : V → {0, 1, 2, 3} having the property that if f (v) = 0, then there exist v 1 , v 2 ∈ N (v) such that f (v 1 ) = f (v 2 ) = 2 or there exists w ∈ N (v) such that f (w) = 3, and if f (v) = 1, then there exists w ∈ N (v) such that f (w) ≥ 2 is called a double Roman dominating function (DRDF). The weight of a DRDF f is the sum f (V ) = v∈V f (v). The double Roman domination number, γ dR (G), is the minimum among the weights of DRDFs on G. In this paper, we study the impact of some graph operations, such as cartesian product, addition of twins and corona with a graph, on double Roman domination number.
Introduction
Let G = (V (G), E(G)) be a graph with vertex set V (G) and edge set E(G). If there is no ambiguity in the choice of G, then we write V (G) and E(G) as V and E respectively. Let f : V → {0, 1, 2, 3} be a function defined on V (G). Let (ii) If v ∈ V 1 , then vertex v must have at least one neighbor in V 2 ∪ V 3 .
The weight of a DRDF f is the sum f (V ) = v∈V f (v). The double Roman domination number, γ dR (G), is the minimum among the weights of DRDFs on G, and a DRDF on G with weight γ dR (G) is called a γ dR -function of G [5] .
The study of double Roman domination was initiated by R. A. Beeler, T. W. Haynes and S. T. Hedetniemi in [5] . They studied the relationship between double Roman domination and Roman domination and the bounds on the double Roman domination number of a graph G in terms of its domination number. They also determined a sharp upper bound on γ dR (G) in terms of the order of G and characterized the graphs attaining this bound. In [1] , it is proved that the decision problem associated with γ dR (G) is NP-complete for bipartite and chordal graphs. Moreover, a characterization of graphs G with small γ dR (G) is provided. In [8] , G. Hao et al. initiated the study of the double Roman domination of digraphs. L. Volkmann gave a sharp lower bound on γ dR (G) in [9] . In [3] , it is proved that γ dR (G) + 2 γ dR (M (G)) γ dR (G) + 3, where M (G) is the Mycielskian graph of G. It is also proved that there is no relation between the double Roman domination number of a graph and its induced subgraphs. In [2] , J. Amjadi et al. improved an upper bound on γ dR (G) given in [5] by showing that for any connected graph G of order n with minimum degree at least two, γ dR (G) 
Basic Definitions and Preliminaries
The open neighborhood of a vertex v ∈ V is the set N (v) = {u : uv ∈ E}, and its closed neighborhood is
The domination number γ(G) is the minimum cardinality of a dominating set in G. A false twin of a vertex u is a vertex u which is adjacent to all the vertices in N (u). A true twin of a vertex u is a vertex u which is adjacent to all the vertices in N [u]. A subset S of the vertex set V of a graph G is called independent if no two vertices of S are adjacent in G.
If f : A → B is a function from A to B, and C is a subset of A, then the restriction of f to C is the function which is defined by the same rule as f but with a smaller domain set C and is denoted by f | C .
A complete graph on n vertices, denoted by K n , is the graph in which any two vertices are adjacent. A trivial graph is a graph with no edges. A path on n vertices P n is the graph with vertex set {v 1 , v 2 , . . . , v n } and v i is adjacent to v i+1 for i = 1, 2, . . . , n − 1. If in addition, v n is adjacent to v 1 and n ≥ 3, it is called a cycle of length n, denoted by C n . A universal vertex is a vertex adjacent to all the other vertices of the graph. A pendant (or leaf) vertex of G is a vertex adjacent to only one vertex of G. The unique vertex adjacent to a pendant vetrtex is called its support vertex. A graph G is bipartite if the vertex set can be partitioned into two non-empty subsets X and Y such that every edge of G has one end vertex in X and the other in Y . A bipartite graph in which each vertex of X is adjacent to every vertex of Y is called a complete bipartite graph. If |X| = p and |Y | = q, then the complete bipartite graph is denoted by
The cartesian product of two graphs G and H, denoted by G H, is the graph with vertex set V (G) × V (H) and any two vertices (u 1 , v 1 ) and (
If G = P m and H = P n , then the cartesian product G H is called the m × n grid graph and is denoted by G m,n .
The corona of two graphs
, is the graph obtained by taking one copy of G 1 and |V 1 | copies of G 2 , and then joining the i th vertex of G 1 to every vertex in the i th copy of G 2 . A rooted graph is a graph in which one vertex is labelled in a special way so as to distinguish it from other vertices. The special vertex is called the root of the graph. Let G be a labelled graph on n vertices. Let H be a sequence of n rooted graphs H 1 , H 2 , . . . , H n . Then by G(H) we denote the graph obtained by identifying the root of H i with the i th vertex of G. We call G(H) the rooted product of G by H [7] .
A Roman dominating function (RDF) on a graph G = (V, E) is defined as a function f : V → {0, 1, 2} satisfying the condition that every vertex v for which f (v) = 0 is adjacent to at least one vertex u for which f (u) = 2. The weight of a RDF is the value f (V ) = v∈V f (v). The Roman domination number of a graph G, denoted by γ R (G), is the minimum weight of all possible RDFs on G.
Let (V 0 , V 1 , V 2 , V 3 ) be the ordered partition of V induced by a DRDF f , where
Note that there exists a 1 − 1 correspondence between the functions f and the ordered partitions
For any graph theoretic terminology and notations not mentioned here, the readers may refer to [4] . The following propositions are useful in this paper.
In a double Roman dominating function of weight γ dR (G), no vertex needs to be assigned the value 1.
Hence, without loss of generality, in determining the value γ dR (G) we can assume that V 1 = φ for all double Roman dominating functions under consideration.
Cartesian Product
The Roman domination number of cartesian product graphs is studied in [12] . As far as we know, there are no results on the double Roman domination number of cartesian product graphs. In [5] , it is proved that for every graph
Hence we can deduce a general relationship between the double Roman domination number of cartesian product graphs and the domination number of its factors as follows:
Proof. Let V (G) and V (H) be the vertex sets of G and H respectively. Let
Note that this partition always exists and it may not be unique). Let
3 ) is a double Roman dominating function on H. Thus,
Hence,
Now, for every v ∈ V (H), let Z v ∈ {0, 1} γ(G) be a binary vector associated to v as follows:
Let t v be the number of components of Z v equal to one. Hence,
Note that, if
is not adjacent to any vertex of V 3 ∩ Π i and is adjacent to at most one vertex of
which is a contradiction. So, we have t v ≤ |X v | and we obtain
Thus, by (1), (2) and (3), we deduce γ dR (G H)
. Proposition 1.2 and Theorem 2.2 lead to the following result.
Corollary 2.3. For any graphs G and H, γ dR (G H)
. Theorem 2.4. For any graphs G and H of orders n 1 and n 2 respectively,
Hence, we obtain that there exists either (
Similarly, we can prove that γ dR (G H) n 1 γ dR (H) and hence the result is true.
In [6] , it is proved that for the 2 × n grid graph G 2,n , γ R (G 2,n ) = n + 1. Hence it is natural to study the double Roman domination number of grid graphs. For n = 2, G 2,n is C 4 and by proposition 1.3, γ dR (C 4 ) = 4. So, in the next theorem, we omit the case when n = 2.
Proof. Let the vertices of G 2,n be denoted by (u 1 , v 1 ), . . . , (u 1 , v n ), (u 2 , v 1 ) , . . . , (u 2 , v n ) and define a DRDF f as follows: If n is odd,
, f or i = 1 and j = 3 + 4k; i = 2 and j = 1 + 4k f or k 0 and j n, 0, otherwise.
If n is even,
, f or i = 1 and j = 3 + 4k; i = 2 and j = 1 + 4k f or k 0 and j < n, 2, f or i = 1 and j = n, if n ≡ 2 (mod 4); i = 2 and j = n, if n ≡ 0 (mod 4), 0, otherwise.
It can be easily verified that f is a DRDF and
, if n is odd, For the reverse inequality, let {x 1 , x 2 , . . . , x γ } be any dominating set for G 2,n . If n is odd,
} is a partition of vertex set of G 2,n and |N [x i ]| 3, for i = 1, 2, . . . , γ. So we have to give 3 to each x i , i = 1, 2, . . . , γ, under any DRDF and hence γ dR (G 2,n )
). If n is even, let {A 1 , A 2 , . . . , A γ } be any partition of vertex set of G 2,n such that x i ∈ A i and A i ⊆ N [x i ], i = 1, 2, . . . , γ. Then |A i | = 1 for at most one i, say k, and |A i | ≥ 3, i = k. So we have to give 3 to each x i , i = 1, 2, . . . , γ; i = k and 2 to x k under any DRDF. Hence γ dR (G 2,n ) 3n 2 + 2, if n is even. Hence the result follows.
Corona Operator
In this section, first we find the double Roman domination number of G H, where H K 1 , and obtain bounds for γ dR (G K 1 ). We also prove that these bounds are strict and obtain a realization for every value in the range of the bounds obtained. The exact values of γ dR (G K 1 ) where G is a path, a cycle, a complete graph or a complete bipartite graph are also obtained. Also we prove that the value of γ dR ((G K 1 ) K 1 ) depends only on the number of vertices in G.
Proposition 3.1. For every graph G and every
Proof. The function which assigns 3 to all vertices of G and 0 to all other vertices is a DRDF of G H so that γ dR (G H) 3n. Also, there are n mutually exclusive copies of H each of which requires at least weight 3 in a DRDF. Hence the result is true.
Proposition 3.2. For any graph
Proof. Let V (G) = {u 1 , u 2 , . . . , u n } and let u i be the leaf neighbor of u i in G K 1 . We get a DRDF of G K 1 by simply assigning the value 3 to each u i so that
To prove the left inequality, let f be any DRDF of G K 1 . Being a pendant vertex, each u i must be either in V Proof. Let G be a graph with |V (G)| = n. If γ dR (G K 1 ) = a, then by Proposition 3.2, 2n + 1 a 3n.
To prove the converse part, take G as K 1,m ∪ (n − m − 1)K 1 . For definiteness, let u 1 , u 2 , . . . , u m+1 be the vertices of K 1,m in which u 1 is the universal vertex and u m+2 , . . . , u n be the isolated vertices in G. Let u i be the leaf neighbor of u i in G K 1 . Define f on V (G K 1 ) as follows:
Clearly, f is a γ dR -function with weight 3(n − m) + 2m = 3n − m. As m varies from 0 to n − 1, we get G with γ dR (G K 1 ) varies from 3n to 2n + 1. (Note that K 1,0 is considered as K 1 .) Hence, the result is true.
, if n = 3k + 1, , if n = 3k + 2.
Proof. Let P n : u 1 u 2 . . . u n be a path and let u i be the vertex adjacent to u i in P n K 1 . In a γ dR -function, a pendant vertex must be either in V 2 or adjacent to a vertex in V 3 . If n = 3k or 3k + 2, we have a γ dR -function of P n with V 2 = φ. If n = 3k + 1, let f be a DRDF with minimal weight such that V 2 = φ. Define g on V (P n K 1 ) as follows:
Proposition 3.5. , if n = 3k + 1, , if n = 3k + 2.
Proof. The proof is similar to that of P n .
Proof. Let V (K n ) = {u 1 , u 2 , . . . , u n } and let u i be the leaf neighbor of u i in K n K 1 . A γ dR -function can be obtained for K n K 1 by assigning 3 to any one vertex, say u 1 of K n , 2 to u i with i = 1, and 0 to all other vertices. Hence γ dR (K n K 1 ) = 2n + 1.
Proposition 3.7.
. . , v q } and let u i be the leaf neighbor of u i , for i = 1, 2, . . . , p and v j be the vertex adjacent to v j , for j = 1, 2, . . . , q in
For definiteness, let p = 1. Then the function f defined by
Define f as follows:
f is a DRDF of K p,q K 1 with weight 6 + 2(p + q − 2) = 2(p + q + 1) and hence γ dR (K p,q K 1 ) 2(p + q + 1). For the reverse inequality, if possible suppose that there exists a DRDF g of K p,q K 1 with weight 2(p + q) + 1. Out of p + q pendant vertices in K p,q K 1 , let k vertices be in V Proof. Let G be a graph with vertex set V (G) = {u 1 , u 2 , . . . , u n } and let v i be the leaf neighbor of u i in G K 1 . Let u i and v i be the leaf neighbors of u i and
Then the two pendant vertices, u i and v i , in each P 4 should be either in V To prove the reverse inequality, define g as follows:
Clearly g is a DRDF on (G K 1 ) K 1 with g(V ) = 5n. Hence, the result is true.
Note:
1. Corona of any graph G with K 1 can be thought of as rooted product of G by H where H is a sequence of n rooted P 2 's.
2. Corona of P n with K 1 is called comb.
Addition of Twins
In this section, we study the impact of addition of twins on double Roman domination number.
realizable for path P a+
, [5] , [10] ). The ordered pair (2, 3) is realization for P 2 . So we restrict a to be greater than 2 in the next theorem.
Theorem 5.1. The ordered pair (a, a + 1) , where a is an even number greater than 2, is not realizable as the Roman domination number and the double Roman domination number of any graph.
Proof. Let G be any graph with
Hence the result is true.
Observation: The ordered pair (2, 4) is not realizable as the Roman domination number and the double Roman domination number of any graph.
Proof. Let G be a graph with γ dR (G) = 4. Then G is a graph of order n 4 and there exists a pair of independent twin vertices u 1 , u 2 , each of which dominates all other vertices. So in any RDF the total weight will be at least 3 and hence (2, 4) is not realizable.
The only graph with γ R = 1 is K 1 for which γ dR = 2. Also, (2, 3) is realizabe for any graph with a universal vertex. Our final result shows that every value in the range of Proposition 1.4, except for those values which have been already mentioned, is realizable for connected bipartite graph. In addition to the above construction, take two pendant vertices in Y and make them adjacent with x 1 . In this case a DRDF can be obtained by giving 3 to x 1 , 2 to remaining vertices in X and 0 to all vertices in Y so that γ dR (G i (X, Y )) b.
In both cases, a RDF can be obtained by assigning 2 to x j , for 1 j i, 1 to x j , for i + 1 j b 2
, and 0 to all vertices in Y so that γ R (G i (X, Y ))
It is easy to verify that these functions are in fact minimum. Hence the result is true.
